Comment on testing Bell's inequality with Rydberg atoms 
entangled through cavity photons 
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Abstract. Rydberg atoms traversing a micromaser cavity one after the other 
can emerge in correlated states, and according to standard Copenhagen quantum 
mechanics this may lead to a violation of Bell's inequality, that is, to a Bell sum 
S > 2. S is here calculated in various ideal physical situations including those with 
(1) different initial states of the atoms, (2) different free adjustable parameters, 
being either the phase or the turning angle of a classical radiation field put behind 
the cavity, and (3) either equal or different Rabi angles for successive atoms. The 
■^j- ! experiments are crucial for a realist interpretation which predicts S < 2 because 

particles of different kinds (photons and atoms) are involved. 

PACS: 03.65. Bz, 32.80.-t, 42.50.-p 
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t— > ' 1 Introduction 

Up to the present time violations of Bell's inequality have been demonstrated 
experimentally only for pairs of photons [1] and for pairs of protons [2] . In view of 
the importance of the nonlocality tested by Bell's inequality for our understanding 
of nature it is desirable to investigate more physical situations. In fact quite a 
number of proposals for other particles have been advanced [3,4]. Here I want 
to consider some proposals concerning atoms [5-9] where the atoms do not get 
entangled directly with one another, as in the other proposals concerning atoms 
[4], but indirectly, mediated through photons: two-level Rydberg atoms (upper 
state |e), lower state \g)) traverse a high-Q micromaser cavity one after the other, 
without spatial overlap of their wave functions (internal or translational) . Each 
atom is initially in one of the Rydberg states. The cavity is in a number state |n) 
in the resonant mode of the transition |e) <-> \g). After leaving the cavity the atoms 
pass a classical electromagnetic radiation field also in the resonant mode. Then 
each atom passes into a detector which registers the state |^) or \g), respectively. 
Within the cavity the first atom of a pair of successive atoms gets entangled 
with the cavity photons and emerges from the cavity in a superposition of the 
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upper and the lower state. The second atom in traversing the cavity then becomes 
entangled with the modified cavity photons and therefore also with the first atom. 
Atom-atom correlations thus arise due to atom-photon correlations, i.e. due to 
correlations between non-identical particles. With this a new section of quantum 
mechanics is being considered. 

Moreover, such experiments are crucial for a realist interpretation in quantum 
mechanics which, in contrast to the traditional Copenhagen interpretation, pre- 
dicts a Bell sum S < 2 here. It holds that those Bell-type correlations which, 
according to the quantum mechanical formalism, arise between non-identical par- 
ticles (different from particle-antiparticle pairs) are not to be taken seriously. This 
follows from a new conception of systems of several particles and of the situations 
where the particles become indistinguishable [10]. 

The proposals by now appear feasible because the states of the Rydberg atoms 
can be detected with nearly 100 % efficiency and because the techniques of treating 
high-Q microwave cavities are now well advanced. Thus, recently several papers 
have appeared [7-9] where the earlier proposals [5,6] are developed and experimen- 
tal details are discussed. 

The features by which the proposed experiments [7-9] differ among themselves 
are the states of the atoms before they enter the cavity, the initial photon number 
state \n) of the cavity, its Rabi angle r] and the type of action of the classical field 
that is put behind the cavity. In the experimental realizations the two atoms of 
a pair of successive atoms may come from different sources and go into different 
detectors [7] or may come from one source and go into one detector [8,9]. 

Specifically, in the present paper the following cases are considered: 

The atoms may initially be 

(I) all in the lower state \g) 

(II) all in the upper state |e) [8] 

(III) the first atom of a pair in state \e) and the second in \g) [7,9]. 

The classical field allows for two different freely adjustable Bell parameters to 
be chosen: the phase <p or the turning angle 9. Specifically, the field may 

(A) be chosen so that it acts as a 7r/2-pulse on the atoms, and when the first atom 
traverses the field the phase is set to 0i, and for the second to 02 [8] 

(B) rotate the Bloch vector of the first atom through an angle 2-6>i and the second 
through 2-# 2 [7,9]. 

Finally, one may admit 

(i) only one value of the cavity Rabi angle rj for all atoms that traverse the cavity 
[8], or 

(ii) different cavity Rabi angles r]i and r\2 for the first and the second atom [7,9]. 

In this comment I want to compare the maximum possible values of the Bell 
sum S, calculated according to the standard formulas of quantum mechanics, in 
the 12 possible combinations of the cases (I), (II), (III) with (A), (B) and with 
(i), (ii). The cavity state |n) is left arbitrary. The published proposals mean the 
combinations [7]: (III B ii) n=0, [8]: (II A i), [9]: (III A ii) n=0. The motivation 
for this comparison is the following. 
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S is calculated only in ideal situations, leaving out all effects of realistic cir- 
cumstances which may also influence the value of S. That this influence can be 
quite considerable has been shown in [8] where the effects of energy dissipation in 
the cavity, the Poissonian arrival statistics of the atoms, and others were taken 
into account. It turned out that this reduced the maximum value of S by a factor 
of 0.6 (see Figs. 2, 3 and 5 of [8]). Realistic circumstances will always reduce the 
ideal value of S so that a priori an experimental situation should be chosen that 
gives an ideal value of S as high as possible in order to leave the realistic value still 
larger than 2. Of course in the final decision for a particular experimental setup 
the technical feasibilities will have the last word. 

The factor of 0.6 encountered in [8] would reduce the absolute maximum value 
of S = 2\f2 = 2.83 to S = 1.70 < 2 and thus make the experiment pointless. 
Nevertheless, determined experimental efforts in definite directions may still bring 
the realistic value nearer to the ideal one so that the experiment does make sense 
(see e.g. [7]). 

2 The quantum mechanical calculation 

Before the first atom has entered the cavity the state of the combined system 
consisting of the first atom (1) plus the second atom (2) plus the cavity is the 
product state 

^o = \9i)\92)\n) = \gi,g2,n), (1) 

written down here for the case (I) where both atoms are initially in the lower 
state. Utilizing the fact that our two-level atoms can formally be treated like spin- 
al particles the Hamilton operator of the resonant interaction of the z'-th atom 
{% = 1, 2) with one cavity mode can be written as 

=hn i ((j { ; ) a + <j ( f ) at). 

The operators = (qq) and = (°q) act on \gi) = , | e^) = in matrix 
notation. The operators a and annihilate and create the cavity photons in the 
resonant mode: a\n) = y/n\n — 1), a^\n) = \Jn — 1 \n — 1). Oj is the Rabi frequency 
and rji = fijtj is the Rabi angle for the z'-th atom with ti = time spent by the i-th 
atom in the cavity. Then straightforward operator algebra leads to a simple recipe 
for writing down the wave function of the system at different times: when the i-th 
atom traverses the cavity it causes the transition 

\ei,n) — ► c^\ei,n) - is ( ?'\g i ,n+ 1) 

\g h n) — > cfi' \gt, n) - is { Q l) \e h n-l) (2) 

where 

cy = cos(r]i^/n+j ), sy = sin^i^/n+j ) (3) 
and terms with negative photon numbers have to be omitted. 



- 4 - 



Thus, the wave function when the first atom has already left the cavity but 
the second has not yet entered it, in the three cases (I), (II), (III) is 



(I): 


*l 


-c (1) 


\9i,92,n) 




\e 1 ,g 2 ,n- 1) 


(II): 


*l 


-c (1) 


|ei,e 2 ,n) 


- i S « 


\gi,e 2 ,n+l) 


(III) 




-c (1) 


|ei,# 2 ,n) 


" is? 


\9i,92,n+ 1) 



(4) 

Applying (2) in the analogous way to the second atom, the function fy 2 for the 
system when both atoms have traversed the cavity but not yet entered the classical 
field behind the cavity is 

. w 2 — c c \gi,g 2 ,n) - ic s |#i, e 2 , n - i; - is c_ 1 \ei, g 2 ,n - L) 

(1) (2) I \ 

-So s_i|ei,e 2 ,n-2), 

(II) : ^ 2 = c^c^\e 1 ,e 2 ,n) - ic^sf^ei, # 2 , n + 1) -is^c^\gi,e 2 ,n + 1) 

-si 1) S2 2) |^i^2,n + 2), 

(III) : ^ 2 = c{'c^'\e 1 ,g 2 ,n) - icps 2) |ei, e 2 ,n - 1) - ispc^^i, g 2 , n+1) 

(!) (2)| \ fe\ 

-s\'s\'\g 1 ,e 2 ,n). (5) 

In each of the functions ^> 2 the first and the second atom have become entangled 
with each other due to the entanglement of each with the cavity photons. 

Now we consider the effect of the classical field together with the final detector. 

In case (A) the phase <p of the field is set to <p\, when the first atom traverses 
the field, and to (fi 2 for the second atom. The effect of the field on the two atoms 
leads to ^ 3 = UV 2 with U = U^U^ and 

^(e- "f )" <«> 

The outcome of the final detector is assigned the value +1 if the atom is detected 
in the upper state |e), and —1 if it is in the lower state \g) . This is described by 
the operator o z = ( _ 1 ) acting on the atomic parts of the wave function ^3. The 
average value E of the product of the detector outcomes for atom 1 and atom 2, 
which will be needed in the Bell sum, can then be written as 

E = (# 2 |£|* 2 ) 

where L = L^L^ and 

L « = u^^ud) = ( -f y ( 7) 
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This, with ^ 2 of (5), yields 

E{4>\, 4>2) = 2acos(02 — 4>i) (8) 
where E = -E'(ia) , -E'(iia) or -E'(iiia) , respectively, and 



(1) (1) (2) (2) 
«(I) = s c s c -l 



„ _ C (1)J1) C (2) (2) 



in obvious notation. 

In case (B) the classical field turns the Bloch vector of the i-th atom through 
the angle 2 • 9i round the y axis, say. To describe this effect and that of the final 
detector we only have to replace the operator L of case (A) by the 'spin-projection' 
operator O = (1) (2) with # 3 = 0^ 2 and 

*»-«*0«r? -fa* _■£*,), (10, 

where a x = (°q). This, with ^ 2 of (5), yields 

E(6 1 ,6 2 ) = 2a sin ^1 sin ^ 2 + 2/3 cos ^1 cos ^ 2 (H) 

where E = -E'(ib), -E'(iib) or -E'(iiib), respectively. The as are the same as in (9), 
and 

Pm = 1K«W - (<W - ( W + (4M 2 J) 2 ] 

/Jem, = iW) s - c«c< 2 ) s f>4 2) - + (4 1, 4 2) ) 2 ] 

^(■■ib, = M - (W) 2 + (4 1, 4 2) ) 2 + (W - (4 2) 4 2) ) 2 ] (12) 



3 The Bell sum 

The considered Bell inequality, whose violation means nonlocality, is S < 2 where 
S is the Bell sum 

S = \E (0,1,0,2) + E(ai, a 2 ) + E(a[, a 2 ) - E(a' 1 , a' 2 )\ (13) 

with Oi = (pi or 9i in the cases (A) or (B), respectively. 

First we consider the cases (A), i.e. (I A), (II A), and (III A), where the ad- 
justable Bell parameter is the phase <p of the classical field. The form (8) of the 
averages leads to the maximum Bell sum [11] 

S = 4V2\a\. (14) 
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So we have to find the maximum of \a\ as a function of the Rabi angles rji and r\ 2 
and the photon number n. 

First consider the subcases (A i): rji = 772 = rj . Then we have Sq = Sq etc. 
in (9) and with (3) we get explicitly 

= sin 2 (r]y/n) cos{ri\fn) cos{ri\/n — 1 ) n > 1 

= sin 2 (r/\/n + 1 ) cos^y/n + 1 ) cos^Vn + 2 ) n > 

«(iii) = — sin 2 (?7 v 7 n + 1) cos(f]V n + 1 ) cos(r/\/7} ) > 0. (15) 

Setting the last cosine equal to 1 and maximizing the rest one obtains \a\ < 
2\/3/9 = 0.385 for all three as and for all admissable n. This value is actually 
closely approached in many cases. E.g. in case (II A), n = one obtains a = 0.383 
for 77 = ii/V2. The value \a\ < 0.385 leads to S < 2.178. 

Second consider the subcases (A ii): rji 7^ r]2 ■ In these cases we have 

«(i) = f(Vu n ) sm(r) 2 Vn)cos(r]2\ / n- 1) 

"(ii) = f(vu n+1) sm(r) 2 y/n + 1 ) cosfaVn + 2) 
"(in) = / (t/i, 7i + 1) sin(r/ 2 Vn + 1 ) cos^v^) (16) 

where 

f(rj, n) = sin(?yv / n ) cos(r;v / ^)- 

The maximum of / under variation of 77 is 1/2 for any n. It remains to find the 
maximum of the sin - cos products in (16). These can never be exactly equal to 1 
(except for n = and 1) but can come arbitrarily close to 1, as some insight and 
numerical studies show. As an example Fig. 1 shows that | sin(?y2v / 2 ) cos(r/2\/T)| > 
0.98 for 7]2 ~ 3.3 and 18.8. So we take |a| max = 1/2 in the cases (16). According 
to (14) this results in 

S max = 2.83 w 2V2, (17) 

which is the absolute maximum of S. 

Now we turn to the cases (B), i.e. (I B), (II B), and (III B) where the adjustable 
Bell parameter is the turning angle 9 of the Bloch vector. The averages in these 
cases are given in (11), (12) and lead to 

S = 2| a[sin6>i(sin/9 2 + sin0 2 ) + sin 6[ (sin 9 2 - sm9' 2 )] 

+ / 3[cos6>i(cos6> 2 + cos #2) + cos 9[ (cos 9 2 - cos9' 2 )} \ (18) 

in all three cases. Here we follow the treatment in [7] and restrict ourselves to the 
special choice 

01 = 0, 9[=7v/2, 9 2 = -9' 2 (19) 
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Fig. 1. The function sin^V^) cos(??2) for < 1]2 < 25 



with the single free parameter 6>2 • Maximizing S with respect to 6*2 then leads to 



Due to the special choice (19) we cannot be sure that the obtained maximum is 
always the true maximum. I suppose, however, that we come fairly close to it since 

(I) if a = (3 we have .Smax = 4v^2|a|, which is the true maximum value for given 
|ct|, (2) in subcase (ii) ^ ?7 2 ), treated below, the absolute maximum of S = 
2.83 is actually reached in all cases except one, (3) in subcase (i) (r]i = i]2 = rj) 
the fact that we never reach S = 2.83 (see below) can be justified analytically: 
replacing ^2 m (5) by the corresponding mixture can be shown to imply a=0 in 

(II) , i.e. -^mixture = 2/3 cos 9\ cos 62- From the definition of E we have \E\ < 1, 
hence f3 < 1/2. From (15) we obtained \a\ < 2^/3/9 in subcase (i), so with (20) 
we have the upper bound S max < 2.52. 

Now, first consicer the subcases (B i) : 771 = r\2 = f]- S as a function of r\ has 
been studied numerically and the largest values so obtained were 



max 



Ay/ a 2 + (3 2 . 



(20) 




max 



= 2.33 




max 



= 2.33 
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Fig. 2. S max in case (III B ii) as a function of 772. 771 = n/(4y/2 ), n = 1 

5(IIIB)max = 2.00 

for every considered value of n. 

Second consider the subcases (B ii): r\\ 7^ 772- The numerical studies yielded in 
these cases 

5'(IB)max = 5'(IIIB)max = 2.83 

for every considered value of n, and 

S(iiB)ma X = 2.38 (forn = 0), 2.32 (n = 1), 2.32 (n = 2), 2.41 (n = 4). 





(I) 


(II) 


(III) 




(i) (ii) 


(i) (ii) 


(i) (ii) 


(A) 


2.18 2.83 


2.18 2.83 


2.18 2.83 


(B) 


2.33 2.83 


2.33 2.41 


2.00 2.83 



Table 1. Obtained maximum values of the quantum mechanical Bell sum S in 
the cases (I): |<7i,<72), (H): |ei,e 2 ), (HI): \ei,g2), (A): phase 0, (B): Bloch angle 6>, 
(i): same cavity Rabi angle (ii): different cavity Rabi angles rji ^ 772, as explained 
in the introduction. 
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Table 1 summarizes the results. It is seen that when different cavity Rabi angles 
are admitted (experimentally realizable e.g. by different velocities of the two atoms 
of a pair), and only in these cases, the absolute maximum of £=2. 83 can be reached. 
These are thus the most promising cases, so long as the experimental feasibilities 
of reaching the ideal value in the various cases are left out of account. Fig. 2 shows 
5max in case (III B ii) as a function of 772 for < 772 < 18.8. It is seen that S > 2 
roughly in the ranges r? 2 = 2.9 - 3.6, 5.6 - 5.9, 9.5 - 10.1, 12.0 - 12.7, 18.5 - 18.8, 
and that S almost reaches 2.83 at 772 ~ 3.3, 12.3 and 18.8. 
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